It is found that the 2-index potential in nonabelian theories does not behave geometrically as a connection but that, considered as an element of the second de Rham cohomology group twisted by a flat connection, it fits well with all the properties assigned to it in various physical contexts. From this we also prove a simple result on the Euler number of the twisted de Rham complex.
The 2-index potential
A skew rank 2 tensor field arises in various contexts: string theory, supergravity, and the loop space formulation of Yang-Mills theory. For notational convenience, we shall denote in most parts of this letter such a field generically as a local spacetime field B µν (x), which we shall consider interchangeably as a 2-form over spacetime.
In the abelian case, the 2-index field is well studied [1] and fits neatly into the Dirac scheme of fields and potentials for general spin [2] . The field B µν (x) is usually regarded as a potential transforming under a gauge transformation Λ µ (x) as
exactly as say the electromagnetic potential but with one more index. One can also readily define the field strength, in this case a 3-form field
Exactly as with the electromagnetic field, this 3-form field is also gauge invariant. Now the electromagnetic potential A µ and field strength F µν have deep geometric meanings: they are the connection and curvature, respectively, in a principal U(1) bundle over spacetime. The question immediately arises whether the B µν field can be interpreted as some sort of connection. A second question is how it can be generalized to the nonabelian case. These two questions are linked, because if there is any analogy with the gauge potential (which is a connection) then such a generalization is very natural, as in the Yang-Mills case.
Freedman and Townsend [3] proposed a Lagrangian for the nonabelian B µν . Cast in a first-order formulation of the non-linear σ model, the Langrangian has a term quadratic in a potential A µ , plus a constraint requiring that A µ be flat:
The B µν field then appears as the dual of the corresponding Lagrange multiplier, thus
where *
ǫ µνρσ B ρσ is the (Hodge) dual of B µν , and Tr denotes the trace over the nonabelian indices. This action is invariant under the transformation
with D µ = ∂ µ − igA µ the covariant derivative with respect to A µ , together with an invariant A µ . The transformation (5) would be quite surprising if one wanted to interpret B µν itself as a gauge potential, i.e. a connection in a principal bundle, since then one would have expected it to occur in the covariant derivative, rather than some initially unrelated A µ . Given this, it is interesting to see if one can nevertheless interpret B µν geometrically as some other kind of connection.
This last point was investigated by Teitelboim et al [4] , and they found that one could regard such a 2-form as a parallel transport of loops (e.g. closed strings), provided the transformation is abelian, as in (1) . So for nonabelian B µν we have to look elsewhere.
It is well-known that Yang-Mills theory, when formulated in terms of loop variables, is a non-linear σ model in these variables [5, 6] . Starting from a gauge potential A µ , one constructs the Dirac phase factor or holonomy
over a closed loop ξ(s), s = 0 → 2π, where P s denotes the ordering in s.
The logarithmic loop derivative of Φ[ξ]
can be interpreted as a connection in loop space which is always flat, that is to say, its curvature vanishes:
On the other hand, one can show that starting with loop variables A µ [ξ, s] one can recover the gauge potential A µ (x), provided that F µν = 0. 1 In other words, Yang-Mills theory can also be given by the following loop Lagrangian:
This is in exact analogy with the Freedman-Townsend Lagrangian (4). Although the loop variables A µ can be thought of as a connection, under a Yang-Mills gauge transformation (which transforms the potential A µ in the usual way), they are invariant. Moreover, the invariance of L under such a gauge transformation demands that the B field transforms as
where D µ = δ µ − igA µ is the loop covariant derivative corresponding to A µ . This is exactly the Freedman-Townsend transformation (5), and provides a good reason, in the context of Yang-Mills theory, why the transformation should take this particular form. At the same time, this further confirms the result of [4] that nonabelian B µν does not behave like a connection. From the above considerations it seems quite plausible that, firstly, the field B µν , at least in the nonabelian case, should not be regarded as a gauge potential in the usual sense. Secondly, it seems to be intimately related to the existence of a flat connection A µ . Thirdly, the symmetry properties of B µν is quite different from the usual gauge symmetry of a connection. In this paper, we propose a geometric interpretation of B µν which, we hope, will make these three points clear.
Flat connections and the twisted de Rham complex
For ease of presentation, in this section we shall use almost exclusively the index-free notation of differential forms. By a flat connection we mean one with zero curvature. This means that we shall include the more general case where the base space X (e.g. spacetime) need not be simply connected, in which case a flat connection may have nontrivial holonomy. In fact, it is well known that gauge equivalent classes of flat connections are in 1-1 correspondence with conjugacy classes of irreducible representations of π 1 (X) into the gauge group G [7] .
If we denote the covariant derivative and curvature of the connection A by d A and F A respectively, then on any form ω we have
Hence if A is flat, d
2 A = 0. This means that the covariant derivative can actually be used as the differential in a differential complex, in direct contrast to the general Yang-Mills case.
Recall that associated to the principal G bundle over X, with flat connection A, we have a flat vector bundle E (with fibre the Lie algebra of G). We can therefore consider the twisted de Rham complex Ω * (X, E, d A ) with values in this vector bundle E, using the covariant derivative d A [8] . It therefore makes sense to define the cohomology groups H * A (X, E) as d A -closed forms modulo d A -exact forms in the usual way. It is easy to see that if E is a trivial bundle of rank n, then H * trivial (X, E) is just n copies of the usual de Rham groups H * (X). It is generally recognized that cohomology group elements correspond to physically interesting quantities [9] . If we now think of the B field not as a 2-from but as an element of H 2 , then its transformation (5) is nothing but the cohomological freedom of an exact 2-form:
with Λ a 1-form, in other words, the transformation (5). It is therefore not a gauge freedom of the usual Yang-Mills type. Moreover, (12) reduces to (1) in the abelian case, which need not therefore be interpreted as a gauge (in the electromagnetism sense) transformation. In addition, the 3-form d A B is as that discussed [10] for the 'curvature' of B.
As emphasized in [8] , the cohomological groups depend in general on the particular trivialization chosen for E. This means that, if we think of A as a connection in a principal bundle (as in the gauge case), then gauge equivalent A's may give rise to different B's. This makes perfect sense for the theory in hand, because the term Tr A 2 in (4) makes it immediately obvious that the Lagrangian L is not 'gauge invariant'. This is why whereas B transforms as in (5), A must remain invariant. The same observations apply to the loop space formulation of Yang-Mills theory. Since the phase factor (6) is Yang-Mills gauge invariant, the loop space connection A is also gauge invariant. So is of course the Lagrangian in (9) . On the other hand, there is no freedom in transforming the loop connection A, because that would mean changing the phase factor which is a physically measurable quantity.
To conclude this section on the twisted de Rham cohomology, we shall deduce the following easy result: the Euler number of the twisted de Rham complex is independent of the flat connection used, where the Euler number 2 is given by
In fact, let A and A ′ be two flat connections for E, and consider the corresponding twisted de Rham complexes Ω 
where
, which are therefore equal. By applying the Atiyah-Singer index formula we see that the indices of D A and D A ′ coincide, which in turn give the Euler numbers of the corresponding (elliptic) complexes, hence the result. In particular, when X = R 4 , the Euler number equals the dimension of G.
Now the homotopy classes of symbols of elliptic pseudo-differential operators are in one-one correspondence [11] with elements of K 0 (T X), where T X is the tangent bundle of X, which in turn can be identified with the analytic K-homology group K 0 (X). The above result then implies for our case that under a usual gauge transformation the Freedman-Townsend theory remains in the same stable isomorphism class (of complex vector bundles over X).
Remarks
In the case when B µν is abelian, it can be shown easily [3] that the theory is equivalent to a massless scalar field. This is an example of the general duality between scalar fields and (d − 2)-form fields, where d is the dimension of spacetime [13] . Here d = 4. This duality also interchanges Bianchi identities (topology) and equations of motion (dynamics), reminiscent of the Wu-Yang treatment of electric and magnetic charges [14, 6] . Similar considerations apply in the nonabelian case, giving the equivalence between the first-order and second-order formulations of the non-linear σ model [3] . Here the scalar field is obtained from the flatness condition of A µ , which is locally of the form g −1 ∂ µ g, with g an element of the group G. One may ask where the extra degrees of freedom of a spin 2 field have gone to, if it is equivalent to a scalar field. This is exactly accounted for by its cohomological freedom (12) . Suppressing the Lie algebra indices, the 6 degrees of freedom of a skew rank 2 tensor are taken up by the 4 degrees of the vector Λ µ , plus its cohomological freedom of an additive scalar, leaving just the one degree of freedom of a scalar field.
In the case of Yang-Mills theory in loop space, this extra freedom gives rise to a dual gauge symmetry which is magnetic in nature if the original symmetry is considered to be electric. This leads to a fascinating electricmagnetic dual symmetry for Yang-Mills theory which is somewhat unexpected [15] .
In conclusion, the interpretation of the 2-index field as a twisted de Rham cohomology group element, together with its inherent cohomological freedom, gives a geometric explanation of many of its properties. This is particularly interesting for the nonabelian case and may serve as a guide for studying its possible interactions. Furthermore, this geometric interpretation gives a satisfying picture for the loop space formulation of Yang-Mills theory, with particular regard to its symmetry properties.
